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The densest subgraph (DS) search over a directed graph focuses on finding the subgraph with the highest
density among all subgraphs. This problem has raised numerous applications, such as fraud detection and
community detection. The state-of-the-art DS algorithms have prohibitively high costs or poor approximation
ratios, making them unsuitable for practical applications. To address these dilemmas, in this paper, we
propose a novel model called integral densest subgraph (IDS). We show that IDS can serve as a near-DS
model that has a tight floor relationship with the density of the DS. To compute IDS, we first propose a
novel flow network named («, )-dense network, based on which we design an exact network-flow algorithm
GetIDS with O(p - log |V| - |E|"*) time complexity, where p is typically a small constant in real-world graphs.
Additionally, we propose several non-trivial pruning techniques to further improve the efficiency. Subsequently,
we propose a novel (2 + €)-approximation algorithm MultiCore with near-linear time complexity, providing
a good approximation guarantee with high efficiency. Finally, our extensive experiments on 10 real-world
graphs demonstrate the effectiveness of the proposed IDS model, and the high efficiency and scalability of the
proposed solutions.
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1 Introduction

The directed graph is a ubiquitous data model that captures the directional nature of relationships [1,
7, 21]. For example, in a social media platform, a directed graph can model the “follow” relationships
between users, where an edge from user A to user B indicates that A follows B [22]. In biology
networks, directed graphs are essential for representing gene regulatory relationships, where nodes
represent genes and directed edges indicate regulatory influences [16, 25, 34]. Therefore, numerous
directed graph algorithms have been proposed in the literature [3, 9, 18, 23, 27, 29, 30, 35]. Among
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them, identifying the densest subgraph from a directed graph has gained wide attention due to
its nice structure properties and solid theoretical foundation [3, 9, 23, 29, 30]. Besides, it has also
enjoyed numerous applications, such as fraud detection [20], e-commerce recommendation [12],
and community detection [26].

Given a directed graph G = (V, E) and two node subsets S, T € V, the density of the subgraph
induced by (S, T) is defined as p(S,T) = %, where E(S, T) denotes the set of directed edges
from vertices in S to vertices in T. The densest subgraph (DS) problem aims to find a pair (S*, T*)
with the maximum density [3, 9, 23, 29, 30]. To solve the DS problem, many exact [23, 29, 30] and
approximation algorithms [3, 9, 23] have been introduced in the literature. The state-of-the-art
(SOTA) exact algorithm is CP-Exact [29], which maps the DS problem into a set of linear programs.
However, since CP-Exact has to evaluate all possible values of |S*|/|T"|, it may need to invoke
O(|V]?) convex-programming algorithms (e.g., Frank-Wolfe [29]) and maximum flow computations
in the worst case, resulting in prohibitively high time complexity. The authors [29] also proposed the
approximation algorithm CP-Approx to accelerate CP-Exact. Unfortunately, CP-Approx remains
time-consuming while offering a poor practical approximation ratio, as indicated in our experiments
(Section 7). Therefore, designing efficient algorithms to compute either an exact solution or a high-
quality approximation of the DS problem in directed graphs is very challenging for massive graphs
with billions of edges.

To this end, in this paper, we propose a novel model called integral densest subgraph (IDS),
which is not only computationally efficient but also achieves near-optimal density. Specifically, we
first present the novel concepts of fractional (e, f)-dense subgraph F, g and integral (, f)-dense
subgraph D, g. These subgraphs can achieve different densities based on the parameters a and
f. Subsequently, we prove that the non-empty F, s that maximizes the product « - f§ is exactly
equal to the DS (Theorem 4). Based on these theoretical innovations, we define the IDS as the D, g

that maximizes « - f. On top of that, let DS be F,= g, we prove that its density equals 2/a*f*, and

the density of our IDS is at least 2y/[ a* || 8* | (Theorem 6). Thus, the IDS provides a near-optimal
density guarantee. For example, on all datasets in our experiments, the density of the IDS is at least
0.9994 times that of the DS (Table 4 in Section 7). This demonstrates that IDS is a near-DS model
and can achieve results comparable to DS.

To compute IDS, we propose a novel flow network called (a, f)-dense network to compute a
D, s subgraph given o and f. To search for the non-empty D, s that maximizes « - §, we develop
a parameterized network-flow algorithm GetIDS, which leverages binary search framework to
compute D, g with large &+ values and selects the one that maximizes a- f§ as the IDS. Furthermore,
by analyzing the properties of D, g, we propose the emptiness theorem (Theorem 10) and the non-
emptiness theorem (Theorem 11). Based on these theorems, we design several non-trivial pruning
techniques and propose a more efficient algorithm GetIDS++ based on a carefully-designed divide-
and-conquer technique, which has a time complexity of O(p - log [V| - |E|"), where p is typically
a small constant in real-world graphs (Table 2). This complexity is significantly lower than the
time complexity O(|V|’tpy) of the SOTA algorithm CP-Exact for computing DS (tpyy is the time
for convex-programming and maximum flow computations), making the computation of IDS much
more efficient than that of DS.

To further improve the efficiency, we also propose approximation algorithms for solving our
IDS problem. We first observe that although existing approximation algorithms for computing DS
[24, 29, 30] can also be used to approximate our IDS, they either provide poor approximation quality
[24] or are very time-consuming [29, 30], making them unsuitable for practical applications. Inspired
by the existing SingleCore algorithm [24], we design a novel approximation algorithm MultiCore
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Table 1. Summary of exact and approximation algorithms.
tpw is the time for convex-programming and maximum flow computations; ns is the number of flow computations and
ng < p-log|V|[; p is often a small constant and typically p < VIE] in real graphs; ¢* is the ratio ¢* = |S*|/|T*| of the
densest subgraph G[S™, T*].
Exact algorithms

Algorithms Time complexity
CP-Exact [29] oIV trw)
GetIDS [ours] O(p -log|V] - |EI*®)

GetIDS++ [ours] Olns - |E|")

Approximation algorithms

Algorithms Approximation ratio Time complexity
SingleCore [24] Ve +1/Vc* O(|E|)

AllCore [30] 2 O(|E|"?)
CP-Approx [29] 1+e O(log,c V|- trw)
MultiCore [ours] 2+e O(log, . |VI]-|E])

with near-linear time complexity. Specifically, we first use the proposed non-emptiness theorem to
derive an approximation ratio of (Vc* + \/L_*) for the SingleCore algorithm, where ¢* = |S*|/|T"|.
c

Then, we propose a novel (2 + €)-approximation algorithm, MultiCore, which extends the rationale
of performing a single peeling operation in SingleCore to O(log,, . |V|) peeling operations, thereby
improving the approximation guarantee to (2 + €). MultiCore only requires O(|E| - log,,. |V|) time,
enabling it to achieve both a good approximation guarantee and fast computation speed. The main
contributions of this paper are summarized below:

Novel integral densest subgraph model. We first introduce two novel concepts of fractional
(a, p)-dense subgraph F, g and integral (e, f)-dense subgraph D, g. We then prove that the non-
empty F, s that maximizes « - § is equal to the DS. Based on these theoretical innovations, we
define the novel IDS model as the non-empty D,, s that maximizes a - . A striking feature is that
our proposed IDS provides a near-optimal density guarantee, which has a tight floor relationship
with the density of the DS (details in Section 3.2).

Efficient exact algorithms. To compute the IDS, we first develop a novel network-flow algorithm
GetIDS. To enhance the efficiency, we propose several non-trivial pruning techniques to eliminate
unnecessary flow network computations and further design a more efficient algorithm GetIDS++.
Its time complexity is O(p - log |V| - |E|"®), where p is often a small constant in real-world graphs.
This time complexity is significantly better than the O(|V|*tgy) time complexity for computing
the DS. Thus, our IDS model offers a highly efficient computational approach.

Accurate and efficient approximation algorithms. To further boost efficiency, we propose a
novel (2 + €)-approximation algorithm MultiCore, based on a carefully-designed peeling technique.
This technique allows us to achieve a (2+¢)-approximation with only a small number of O(log, . |V|)
peeling operations. As a result, our MultiCore has a near-linear time complexity of O(|E|-log; . |V]).
Table 1 summarizes the time complexities of the algorithms and the approximation factors for the
approximation algorithms.

Extensive experiments. We conducted experiments on 10 real-world graphs, and the results
show that: (1) the improved GetIDS++ algorithm is up to two orders of magnitude faster than the
basic GetIDS algorithm and up to four orders of magnitude faster than the SOTA algorithm for
computing the DS; (2) our (2 + €)-approximation algorithm MultiCore, with € = 0.5, achieves an
actual approximation ratio below 1.05 on all datasets, and below 1.0005 on 5 out of 10 datasets,
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Fig. 1. Running example.

while its runtime is significantly lower than other algorithms with comparable approximation
quality; (3) our case study evaluate the performance of the IDS and the DS in practical fraudulent
detection application. The results show that the IDS detects more fraudulent users while being 126
times faster than the DS, demonstrating the high effectiveness of our IDS model.

Reproducibility and full-version paper. The source code of this paper and the full-version of
this paper can be found at https://github.com/Yalong-Zhang/maxab.

2 Preliminaries

Let G = (V, E) be a directed graph, where V is the set of vertices and E is the set of directed edges.
For any vertex x € V, its outdegree and indegree are denoted by d2(G) and d.(G), respectively, or
d,? and d,IC for brevity. Given two subsets S, T € V (not necessarily disjoint), the set E(S, T) denotes
all directed edges starting from vertices in S and ending at vertices in T, i.e., E(S,T) = {(x,y) €
E|x €S, y € T}. The subgraph G[S, T] = (SUT, E(S, T)) is called the (S, T)-induced subgraph. Below,
we give the definitions of density and the densest subgraph.

DerINITION 1. (Density) Given a graph G and its (S, T)-induced subgraph G[S, T], the density of
G[S, T] is defined as
|E(S, T)|
p(S.T) = ——. 1)
VIS|- 7]

DErFINITION 2. (Densest subgraph, DS) Given a graph G, the DS of G is the maximal subgraph
G[S*, T*] with the largest density p(S™, T*), where the maximal property means there does not exist
a subgraph G[S*,T"] > G[S*, T*] with p(S*,T") = p(S*,T*) = p*. The density p(S*, T") is also
denoted by p* for simplicity.

Next, we define a novel concept called the fractional («, )-dense subgraph.

DEFINITION 3. (Fractional (a, §)-dense subgraph F, z) Given a graph G and two non-negative
real numbers o and f, the (a, f)-dense subgraph F, g is defined as the subgraph G[Fézﬁ, Féﬁ]
satisfying: (1) (internally dense) for any S € FO(Zﬁ, Tc Fi,ﬁ’ andSUT # @, F, g has |E(F2ﬂ, Féﬁ)| -
|E(FZB \'S, Fi,ﬁ \T)| za-|S|+B-|T|; (2) (externally sparse) for any S N Fgﬁ =@, TN Fi,ﬁ =@,
and SUT # @, F, g satisfies |E(F g U S, Fy s UT)| = |E(Fa g Fy g)l <+ |S|+ B+ |T].

According to the condition (1), the internal structure of the subgraph F, g is relatively dense
because removing any (S, T) within it will lose at least « - |S| + § - |T| edges. Similarly, condition
(2) suggests that the area outside the subgraph F, s is relatively sparse because adding any (S, T)

outside of it into F, g can add at most & - |S| + 8 - |T| edges. Therefore, F,, g represents a subgraph
that is dense internally and sparse externally.

Proc. ACM Manag. Data, Vol. 3, No. 3 (SIGMOD), Article 176. Publication date: June 2025.


https://github.com/Yalong-Zhang/maxab

Integral Densest Subgraph Search on Directed Graphs 176:5

Based on Definition 3, we define the integral (a, f)-dense subgraph by restricting a and f to be
integers. Since D, s is defined based on F, g, D, g also inherits the desirable property of being
dense internally and sparse externally.

DEFINITION 4. (Integral (, f)-dense subgraph D, ) Given a graph G and two non-negative
integers o and 3, the integral (a, f)-dense subgraph D, g is the corresponding fractional subgraph
Fup.

By F, s (Definitions 3) and D, g (Definitions 4), we can find a subgraph with a specific density by

varying « and f. The larger « and f are, the denser the subgraph tends to be. The two-dimensional
parameters (a, §) can respectively control the densities of the two parts of the obtained subgraph,
(Fo g Fa ) ot (Dgy 5, Dy ).
Remark: (a, §)-dense subgraph and («, §)-core. In the literature, a subgraph model similar to
the (a, B)-dense subgraph is the (a, f8)-core (Definition 6). Both models adjust subgraph density by
varying the parameters a and . However, the (a, §)-core model is based on degree rather than
density, which often leads to inaccurate reflection of the density structure of graphs. Specifically,
given a graph, the maximum density pc among all («, 8)-core subgraphs can only guarantee
pc = p*/2 and cannot ensure a near-optimal density (such as the near-optimal guarantee of IDS).
Therefore, our density-based dense subgraph model provides better density guarantees compared
to the (@, f8)-core, enabling the discovery of denser (i.e., better) subgraphs in practical applications.

ExamPLE 1. Take the directed graph in Figure 1a as an example and assume it is a social network
where directed edges represent the following relationships between users. Intuitively, when a increases,
users in FU(Zﬁ andDZﬁ follow more people; when 3 increases, users in Fi’ and Di,ﬁ have more followers.
For example, when « is set low and 8 is set high, comparing the subgraphs in Figure 1b and Figure Ic,
Déﬁ and Févz’“ include users u, and uy, while D(I)A and Fé_“,o include only uy, which has more followers
than uy. This indicates that increasing f can filter out users with more followers. Symmetrically, in
Figure 1d, when « is set high and f is set low, we can filter out users who follow many users, u; and us,
in D and F°.

Below, we prove both D, g and F, 4 exist and are unique.

THEOREM 1. Given a graph G and non-negative real number (resp., integers) a, B, we have F, g
(resp., D p) exists and is unique.

Proor. Let £(S,T) = |E(S,T)| — a - |S| = B - |T|, and F© and F' be the inputs that maximize f.
Assume that (F°, F) is maximal, meaning there does not exist a subgraph G[S, T] 5 G[F°, F']
such that f(S,T) = f(FO, F'). According to the definition of Fop, if G[F°, F'] does not satisfy the
condition in its definition, we could either remove S and T (condition (1)) or add S and T (condition
(2)) to obtain a subgraph with a higher f value. This contradicts the assumption that G[FO, FI]
maximizes f, and thus, G[F®, F'] satisfies both conditions. Thus, G[F°, F'] is F, g and is unique.
Analogously, we can also prove that D, g exists and is unique. O

In Section 3, we will prove that if two real numbers ™ and f* satisfy Fox g+ # @ and maximize
the product a* - f*, then Fox g+ is exactly the DS. This demonstrates that we can find the densest
subgraph (DS) by maximizing a - § in our fractional («, §)-dense subgraph model. Based on this
intuition, we define the IDS by restricting « and f to be integers.

DEFINITION 5. (Integral densest subgraph, IDS) Given a graph G, let two integers@" and B*
—%
satisfy D_. 5*o and maximize the producta” - § . Then, D_. vl is defined as the IDS.
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In this paper, we use the symbols a* and * (resp., @* and B*) to denote the @ and f values of
the DS (resp., IDS).

According to Theorem 4 given in Section 3, DS is equivalent to Fu* g+ that maximizes a - pr
Therefore, both DS and IDS can be viewed as results of maximizing the product of @ and . However,
there is no inherent relationship between them. Specifically, the DS is not guaranteed to be contained
within the IDS, because DS optimizes over real-valued solutions while IDS optimizes over integer-
valued solutions. Therefore, existing solutions for computing the DS cannot be directly applied to
compute the IDS, and novel approaches are required to compute the IDS.

3 Relation with Densest Subgraph
3.1 Fy+ g is the densest subgraph

In this subsection, we will prove that F, g+ is the DS, which provides intuition for the IDS that we
have defined. Besides, the theoretical results derived in the proof also serve as the vital theoretical

. . . . * _ S* .
foundation for our algorithm design. Specifically, let ¢ = 7. We first prove that F . ./ is the

alc*’ 2
DS (Theorem 2). Then, in Lemma 1 and Theorem 3, we show that F . /e 18 For gr, meaning that
2r N

F .+ /= maximizes a - f. Therefore, Fyx g« is the DS.

2/c*’ 2

THEOREM 2. Given a graph G, DS isthe F « .=, ie, G[S*, T*]=F ot

P afc* 2
Proor. To prove the theorem, it is sufficient to show that when a = 23_* and f = %C—*,
c

G[S*, T*] satisfies the two conditions in Definition 3. For condition (1) assume for contradiction
that there exist S~ € §*, T~ € T*,and " UT™ # @ such that |E(S*, T")| - |E(S" \S T* \T )| <

(s \s~ ) JESTT)
ST\S [T\ T | s ||T*\T |

ﬁ|5 |+T|T |. Then we have p(S*\S™, T*\T") =

1 I T e
[ST\S™[++5-|T"\T"|

* 2l ARV > p*, a contradiction that p* is the maximum density. For condition (2), we
can prove it using a method similar to that of condition (1). Therefore, F S E = G[S*, T*]. O

alc*’ 2
0 A

LEmMMA 1. Given a non-empty Fq g (resp., Dy g), we have p(FO wp Fap) 2 2\Jap (resp., p(Dgp Dy p) 2
2\/ap).

Proor. By condition (1) in the definition of F, > when S = F ey and T = F ﬁ, we have
L L I
IESGHEL g1 \IES S HEL
2\/ap. Analogously, we can get p(Da’ﬁ, D;ﬁ) > 2\/ap. |
pVe*

>

|E(F2ﬁ, sl z alF ﬁ| + B|F, ﬂ| Therefore, we have p(F B aﬁ)

THEOREM 3. Given a graph G, we have at = ZCC_* and [3* = rfw 18 For gr.

we*’ 2

*2
Proor. For Fy 5 # 2, 12t follows from Lemma 1 that p > p( «p) = 2\/af, which implies af < pT
So, aff cannot exceed Z - Since F . .= achieves aff = =, it maximizes af. O

ale*’ 2
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(b) The emptiness of Fy g
(a) Example graph. and Dy g when varying a
and S.

Fig. 2. Example of maximizing o -ﬁ* and o B*

THEOREM 4. Given a graph G, let two real numbers o™ and f* satisfy Fox g+ # @ and maximize
at - ﬂ* Then, Fox g+ is the DS.

EXAMPLE 2. Taking the directed graph in Figure 2a as an example, whose DS is G[S™, T* . Figure 2b
shows whether F, g and D, g are non-empty when varying o and . When (a, f) is in the blue region,
Fop#@; when (a, f) is at the green coordinate points, Dy p + @. For Fox g+, we have a® = 1.75 and
B* = 1.40, and the red line represents all (a, ) where aff = 1.75 X 1.40. It can be seen that, within
the blue region, (1.75,1.40) is the only point on the red line, i.e., maximizing afy. For Da* ik both
(@ =2 B* =1)and(a" = I,E* = 2) maximize@" - B*, but both D, ; and D, ; equal the DS.

According to Theorem 2 and Theorem 3, it follows that F, 5+ is the DS. This indicates that, by
maximizing at - ﬂ*, the DS can be obtained. Therefore, intuitively, the IDS Da* ik obtained by

—x%
maximizing @ - f , should also have very high density. In the next subsection, we will prove that

D_. 7 indeed has a near-optimal density lower bound.

3.2 Density of the integral densest subgraph
The following theorem show a hierarchy property of F, s and D, g, which is a vital property for
our theoretical analysis and algorithms.

THEOREM 5. (1) Given Fy g and Fo+ g+, ifa” = a and B* = P, then we have For pr € Fap.

(2) Given Dy g and Do+ g+, ifoz+ > o and /3+ > f3, then we have Dg+ g+ € Dy .

(3) Given Dy g and Fu+ g+, ifotJr > a and ﬁ+ > B, then we have Fo+ g+ € Dy g.

Proor. For (1), assume for contradiction that there exist S = F5+’ﬂ+ \ Fzﬁ and T = Fi*,ﬁ* \ Fi’ﬂ,
. 0 I 0 T
with SUT # @. Then we have |E(F,+ g+, Fyr g )| = [E(Fis g \ S, Fpe g+ \ T)| 2 |S| + B|T]|, and
E(FY us, FLuT)|-|E(F° ,FI < a|S|+ B|T|. However, by analyzing the inclusion relationships
a.f a,f aptaf Yy yzing p
between the subgraphs, we can see that |E(Fg+ﬁ+, F£+’ﬁ+)| - |E(F[?+’ﬁ+ \'S, Fi+!ﬁ+ \T)| = |E(F0(Zﬁ U
S, Fé,ﬁ uT)| - |E(F2ﬂ, Fé,ﬁ)L leading to a contradiction. Thus, Fu+ g+ € F, g. Analogously, (2) and
(3) also hold. O

Then, we derive the following bound for the density of D_. 7
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THEOREM 6. Given a graph G, we have p* = p(F(?* ﬁ*,Fi* pr) =2a* - p* and p(DC. E*,Di* E*) >
> & a a
2Jla*]lp*].
ProoF. According to Theorem 3, we have 2\/a* - p* = p*. By the conclusion (3) in Theorem 5,

‘ o) I [—x ¥
we know that D|4+|| g+ | is non-empty, thus p(DE*,E*’ DE*,E*) >2\a* - p z2yla*]- ] |

According to Theorem 6, the difference in density between the DS and the IDS is only a floor
operation. This indicates that the lower bound on the density of the IDS is quite tight. Our exper-
iments have confirmed that the density of the IDS is at least 0.9994 times that of the DS, with a
maximum difference of only 0.0271.

4 A New Flow-Based Algorithm

To compute D_, 5 we need to vary the values of (a, ) to guess (a", ﬁ*) and then compute D_. 7
Therefore, we first present the approach to, given & and 8, compute a single Dy, 4.

4.1 Compute a single D, g

To obtain a single D, g, we first transform the problem into an optimization problem, and then
solve it using the minimum cut method to derive D, g, i.e., mapping the minimum cut to D, g.
Below, we introduce the optimization formulation.

THEOREM 7. Given a graph G and two integers & and B, Dg g is the only maximal subgraph
G[D, D] that minimizes a|D°| + BID'| + ¥ e po dy + [E(D°, V' \ D')].

Proor. Similar to the proof of Theorem 1, it can be shown that D,, g is the only maximal subgraph
G[D®, D'] that minimizes a|D°| + B|D| - |[E(D°, D")|. We have «|D°| + |D'| - |E(D®,D")| =
aD° |+ BID'| = (¥ sepo d° = [E(D%, v\ D)) = alD?| + BID'| + ¥ ey po d + [E(DC, v\ D)) -
erv d,? . In the above equation, erv d,? is a constant in a graph, thus G[DO, DI] minimizes
a|D°| + BID'| + ¥, cy\po dx + [E(DC,V\ D). O

Next, we introduce some basic concepts of the flow network [13]. A flow network can be
represented as a triplet (Vf, Ey, c), where Vr is the set of nodes, s € Vr is the source node, t € Vr
is the sink node, Ef is the set of directed edges, and c is the capacity of the edges. The flow
on an edge cannot exceed its capacity. The maximum flow of a flow network is equal to its
minimum cut value, mingcy, 7=v,\s cut(S, T), where s € S and t € T, and the cut value is defined as
cut(S, T) = Z(x,y)EEf,xes,yET ¢(x,y). Note that since D, g in Theorem 7 is maximal, we also define

the minimum cut (S, T) as maximal here, i.e., there does not exist STos, T = Ve \ S*, such that
cut(s™, T") also yields the minimum cut value.

Based on the above notions, we propose a novel flow network called (a, 8)-dense flow network,
whose definition is as follows: Given a directed graph G = (V, E) and two non-negative integers
a and B, the (, )-dense flow network is (V¢, Ef, c), where: (1) Vp = {s,t} U v© U V!, and for each
node x € V, add % to VO, and add x” to VI; (2) For each node %% € VO, add an edge (s, xo)
with capacity c(s, x°) = d°; (3) For each edge (x,y) in E, add an edge (x°,y") to Ey with capacity 1;
(4) For each node Pa= VO, add an edge (xo, t) to Ey with capacity c(xo, t) = a; (5) For each node

to Ef

x' € V' add an edge (x',t) to E ¢ with capacity ¢(x",t) = B. An example is shown in Figure 3.
Based on the (a, f)-dense flow network, we propose Algorithm 1, which can compute D, g
given « and f. First, the algorithm constructs the flow network (lines 1-7), then computes the
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e

Fig. 3. Example of (, f)-dense flow network.

minimum cut (S, T) on this flow network (line 8), and finally derives D, g based on (S, T) (lines
8-11). The correctness and complexity of Algorithm 1 are analyzed as follows. Due to space
limitations, some proofs are provided in the full-version of our paper, which can be found at
https://github.com/Yalong-Zhang/maxab.

THEOREM 8. Algorithm 1 can correctly output Dy, g with a time complexity of O(|E|"*) and a space
complexity of O(|E|).

Armed with the GetD algorithm, we propose a basic network-flow algorithm to compute the
IDS.

4.2 A basic algorithm: GetIDS
To compute the IDS, we need to maximize af. A straightforward idea is to compute all D, g with

large a8, and then take the maximum value as & - B* Based on this idea, we define S, (c) (resp.,
max(f)) as the maximum integer such that D, g (o) # @ (resp., Dy (5).4 # @), given an integer

a (vesp., B). Thus, each & X Piax () and ey (B) X B could potentially be a* - E* By selecting the
—%

maximum value among all @ X fax(@) and amay(B) X B, we can obtain ™ - f .
First, we enumerate « and compute its corresponding f.x(«) and the product @ X S« (a). Then,
we enumerate f§ and compute its corresponding a., () and the product ., () X . The maximum

value of af8 obtained in this process is @ B* Based on this idea, we propose the GetIDS algorithm
as shown in Algorithm 2. To determine the range for enumerating « and f, the algorithm first
computes p using the procedure Getp (line 1), where p is the largest integer such that D, , # @. To
compute p, Getp first uses binary lifting search to obtain an approximate range [py, p,,] for p (line
19), and then performs a binary search within this range to find the exact value of p (lines 20-23).
Then, « is enumerated from 1 to p, and for each @, we compute Sy () and @ X Brax(a) (lines 3-11).
Similarly, § is enumerated from 1 to p, and for each f, we compute . () and ap. () X B (lines
12-15). The maximum «f obtained in this process is stored in the variable maxab = maxa X maxb.
Finally, the algorithm outputs Dy,4xqmaxb = D&*,E* (line 16). Next, we show the correctness and

complexity of GetIDS.

. . . . 15
THEOREM 9. Algorithm 2 can correctly output D with a time complexity of O(p -log |V|-|E| )

and a space complexity of O(|E|).

|E(Dpp.Dpp)| 1
# +p|D,,| 2
2p\/|E(Dgp, D;,’p)|. This implies that p < |E(Dgp,D;,,p)|/2 < \JIE|/2. However, p approaches this
theoretical upper bound v/|E|/2 only when the graph is nearly a complete graph. In real-world
sparse graphs, p typically satisfies p << \/|E|/2, as indicated in our experiments (details in Table 2).

Theoretically, p < \/|E|/2, because |E(D£p,DIILp)| > p|D2p| +p|D;,,p| >p
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Algorithm 1: GetD(G, a, f§)
Input: A directed graph G = (V, E), two non-negative integers & and §.
Output: D g.

1 VO <—®,VI<—®,Ef<—®,D2ﬁ<—®,D£’ﬂ «Q

2 foreach x € V do VO « xo, VI « xI;

3 foreach (x,y) € Edo Ef « Ef U {(xo, v )}, c(xo, et

(o) O (o) (o] O

4 foreachx” € V" do Ef « Ef U{(s,x )}, cls,x ) « dy;

s foreach x° € V° do Ef « Efu (=%, 1)} e(x®. 1) «

¢ foreach yI evldo Ep < Epu {(yI, )} c(yI, t)« B

7 Vp e VOuviufs )

Compute the minimum cut (S, T) in the flow network (V, Ef, c);

3

o foreach x° € § \ s do Do?,ﬁ « x;
10 foreach yI €T \tdo Dé’ﬁ “y
11 return G[Dgﬁ, D;ﬂ];

For example, on the dataset UK with |E| = 936.4M, p = 454, which is far less than \/|E|/2 = 15, 300.
Therefore, the time complexity of GetIDS, O(p - log |V| - |E|"?), is significantly lower than that of
the state-of-the-art algorithm for computing DS, O(|V|*tr), where tpy includes the time required
for several convex programming and flow network computations.

5 A Divide-and-Conquer Algorithm

In the GetIDS algorithm, for each « = 1,...,pand f = 1,...,p, it performs a binary search to
—%

compute Spa(a) and amax( B). However, only the enumeration when « or ff equals @* or f can

actually compute a" ﬁ In most cases, @ X Bax(@) and amax(f) X B are relatively small, and there
is no need to perform time-consuming binary searches and flow network calculations for them.
Next, we develop an improved algorithm GetIDS++, which selectively decides whether to perform
binary searches for the currently enumerated « and f, and in most cases, it avoids the costly binary
search. The decision-making method used by GetIDS++ is based on upper and lower bounds of
PBmax(@) and ama(B) to determine whether it is necessary to use binary search to compute their
exact values. The theoretical foundation for obtaining these bounds comes from our following
emptiness theorem and non-emptiness theorem.
LEMMA 2. The following equivalences hold:
(1) Fpp # @ = 3(S,T) € (V,V),|[E(S, T)| 2 a|S| + BIT| (o, p € R);

(e
< alS| + BIT| (a, B € R);
(

>

—_

(2) Fap =2 & V(S,T) € (V, V), [E(S, T)| ;
(3) Do # @ & 3(S,T) € (V. V), |E(S, T)| 2 a|S| + BIT| (. f € N);
(4) Dop =@ & ¥(S,T) € (V. V), |E(S, T)| < a|S| + BIT| (@ f € N).

TueoreM 10. (Emptiness Theorem) (1) If F, g = Fo,p, = @, then for any A € [0,1], we
have Fjg, +(1-Napipi+(1-1)p, = @5 (2) If Do, p, = Dg,p, = @, then for any A € [0,1], we have
Draay+(1-2)e; Wap,+(1-2)p2] = 2-

The emptiness theorem can be used to determine the upper bound of B ax(a,) when we know
Dg, g, = Day g, = @, Where ay, € [y, @3] By setting A = 2 and letting f,,, = [Af; + (1 = A)B,] =

[ﬁ it =aa)t ol —am) ], we get D, 5, = @, which 1mphes ﬁmax(am) < B, — 1. Without further

a—ay
computation, we can conclude that a,, Byax() can be at most a,,,(B,,, — 1). If this value is small
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Algorithm 2: GetIDS(G)

Input: A directed graph G = (V, E).
Output: D&* B* .

1 p « Getp(G);
2 maxab « p X p, maxa < p, maxb < p;
3 fora=1,...,pdo

i | Brep Bu e maxeey dys
5 while f; < g, do
6 Bm < (B1 + Bu)/2);
7 if GetD(G, @, ) # @ then f; « B, + 1;
8 else B, < fm;
9 Bmax(@) < pr;
10 if a X Bnax(a) > maxab then
1 L maxab « a X Poax(a), maxa « a, maxb « Py (a);

12 forf=1,...,pdo

13 Use the same method as lines 4-9 to compute otax(f);
14 if apax(B) X B > maxab then
15 maxab « aynax(B) X B, maxa « oyax(B), maxb < B;

16 return GetD(G, maxa, maxb);

17 Function Getp(G)

18 prelp,e2;

19 while GetD(G, p,,, py,) # @ do p; « 2py, py < 2py;
20 while p; < p,, do

21 pm < o1+ pu)/2);

22 if GetD(G, ppm, pm) * @ then p; « pp, + 1;
2 else py < pm;

24 | return pj;

. —*
(e.g., less than a; + B; or &y + B), @ Pmax () must not be at- B and there is no need to calculate
the exact value of Bax(a.,), thus, we can safely prune a,,.

THEOREM 11. (Non-emptiness Theorem) (1) If F, 3 # @, then for any t € [0,1], we have
Fi(a+Bler)(1=t)a-cp+p) * B> Where cp = |Fo?ﬁ|/|Féﬁ| (2)If Doy # @, then for anyt € [0,1], we have
o i
Dit(atplen) 1-t)(aep+p)) # @5 where cp = Dy gl /1Dy pl.

Using the non-emptiness theorem, if we have already computed D, 5, we not only know that

a - E* > af but also a" - B* > maxefo1] {[ (e + B/cp)| - [(1 = t)(a - cp + B)]}. Because when
t= Wd/w’ Lt(e + B/ep)| - |1(1 = t)(a - cp + B)] = aB, this maximum value is certainly not smaller

than af, providing a better lower bound for @ - ﬂ* A better lower bound allows us to prune more
a and f values, thereby improving efficiency.

Based on the emptiness theorem and the non-emptiness theorem, we propose the algorithm
GetIDS++, as shown in Algorithm 3. Similar to the GetIDS algorithm, GetIDS++ considers each
a=1,...,pand f = 1,...,p. However, unlike GetIDS, which sequentially enumerates o and
B, GetIDS++ uses a divide-and-conquer approach to leverage the emptiness theorem. For «, the
function Divide-a(«y, &) in GetIDS++ is responsible for considering all alpha values in the range
la; + 1, @, — 1]. First, it determines a middle « value «,, using the average of ¢; and «,, (line 12),
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Algorithm 3: GetIDS++(G)

Input: A directed graph G = (V, E).
Output: D&* B* .

p < Getp(G);

maxab < p X p, maxa < p, maxb < p;
upper[0] « maxyey dfc, upper[p + 1] « p;
Divide-a(0, p + 1);

upper(0] « maxyey dy, upper[p + 1] « p;
Divide-b(0, p + 1);

return GetD(G, maxa, maxb);

-

Y

w

-

«

N

=N

s Function Divide-a(ay, ar,)

9 if a; > a,, — 2 then return;

10 am < (a7 + a)/2];

11 ay < ap, az < ay, B < upper[ayg] + 1, By « upper[a, ]+ 1;

12 upper[am] « [W] -1 // Theorem 10
13 if a,, X upper[a,,] < maxab then a,, is pruned;

14 else if GetD(ay,, [%’;ﬂl’] + 1) = @ then a,, is pruned;

15 else // Binary search

» B |2 |41, 5, ¢ upperlam]

17 while g; < g, do

" B (1 + )2

19 if GetD(G, aym, Bm) * @ then B « B, + 1;

20 else S, « Bm;

21 Bmax(am) < Br. upper[am] « Bumax(m):

2 Dt frmax(exm) «GetD(G, tm, Pmax(@m));

» D < 1D s ltm 1Pt et

24 forall a' = | t(am + Bmax(@m)/cD)], B = L(1 = t)(@m * ¢D + Pmax(@m))), where t € [0,1] do
25 if @' X ' > maxab then // Theorem 11

26 L L maxab « a' x ﬁ', maxa « o', maxb « ﬁ';

27 Divide-a(ay, ap,);

2 | Divide-a(am, ay);

20 Function Divide-b(f;, ,,)
30 L Same as lines 9-28 but interchanging o with f;

then considers a,,. Next, the algorithm recursively calls Divide-a(a;, a,,,) and Divide-a(a,,, a,,) to
further consider the alpha values in [ + 1, @, — 1] and [, + 1, &, — 1], respectively (lines 27-28).

For a fixed a,,, the algorithm first uses the emptiness theorem to obtain an upper bound
upper[ay,] for Pmal(am) (line 12). If «,, X upper[a,,] is still not greater than maxab, then
U X Prax () will also not exceed maxab, and @, can be pruned without calculating the exact value
of Brmax(a@m) (line 13). If a,,, X upper[a,,] is greater than maxab, this suggests that a,, X Bmax(@m)
might exceed maxab. In this case, on line 13, the algorithm sets f = L%’;"b] + 1, i.e,, the smallest

integer such that «,, X f > maxab, and tests whether D, |maxas | ; is empty. If it is empty, this
indicates that a,,, X fmax (@) will also not exceed maxab, and a,,, is pruned (line 13). If it is not empty,
this means that a,,, X Bpax(a,) is greater than maxab, and at this point, a binary search is performed
to calculate the exact value of S (an) (lines 16-21). Although the algorithm could directly use
@ X Bmax(®m) to update maxab, a better approach is to potentially find a larger value to update
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( GetIDS++(G) )|
1:p < Getp(G) =2

imaxab « 2X2 =4

supper[0] « 30, upper[3] « 2

w N

_____ 4:Divide-a(0, 3)
Pt 5:upper[0] « 10, upper[3] « 2
el 6:Divide-b(0,3) ===,
'/ 7 :return GetD(G, 2,4) 1
( 4 .. ) 7 F)
S Divide-a(0, 3) J Divide-b(0, 3)

10:a, <1 30: 8, <1
11:upper[1] « 21 30:upper[1] « 8

21:Binary search: £, (1) « upper[1] « 7| | 30:8 X 1 < maxab, f,,, = 1 is pruned
25:Whena' =2, =4,a’ x ' >maxab | |38:Divide-b(1,3)
26:maxab <« 2x4 =38 T

(27 Divide-a(1,3) 14 Divide-b(1, 3)
T — 30: 8y < 2
H D1V1de_a(1’ 3) 30:upper(2] < 6
1‘9:am 2 30:GetD(2,5) = @, By, = 2 is pruned

11:upper|[2] < 5
12:GetD(2,5) = @, a,,, = 2 is pruned

Fig. 4. An illustrative example of GetIDS++.

maxab using the non-emptiness theorem. Thus, in lines 24-26, the algorithm uses the method from
the non-emptiness theorem to update maxab. After the update terminates, the algorithm proceeds
with deeper recursive calls (lines 27-28).

The GetIDS++ algorithm uses the function Divide-a to compute DE*,E*' First, GetIDS++ computes

p (line 1). Since the function Divide-a(a;, a,,) requires upper[e;] and upper[a,] in line 11, these
values need to be computed before calling Divide-a(«;, ). The algorithm GetIDS++ sets upper[0]
as max,ey dx, which is the upper bound for By (0), and sets p as upper[p + 1], which is the upper
bound for B.(p + 1) (line 3). Then, the algorithm calls the function Divide-a(0, p + 1) to consider
all alpha values and update maxab (line 4). Symmetrically, the algorithm considers all beta values
(lines 5-6). After considering all alpha and beta values, maxab has been updated to its maximum

— —% . . .
value a* - B, and the algorithm then returns Dy, x4 maxp- Next, we give an running example of
GetIDS++ and prove its correctness.

ExAMPLE 3. We present the execution of GetlDS++ on the Actor' dataset (V| = 32,271, |E| =
36,242) in Figure 4. The figure illustrates the critical steps of the algorithm and their corresponding
line numbers in the pseudocode. When invoking GetIDS++(G), the algorithm first calls Getp(G) to
compute p = 2. Since Dy 5 ¥ @, maxab can be updated as maxab = maxa X maxb = 2x 2. Withp = 2,
the algorithm considers a = 1,2 and their corresponding Puax(a) values, as well as f = 1,2 and their
corresponding amax(B) values. These four values of « and f are considered in the four Divide functions
shown in the figure, respectively.

In Divide-a(0, 3), the algorithm considers &, = 1 and its Bax(1). First, it computes the upper bound
for Bmax(1) as upper[1] = 21. Since a,, X upper[1] = 21 > maxab (line 13) and D, 5 #+ @ (line 14),
&y, = 1 cannot be pruned. Instead, binary search is used to precisely calculate f..(a,,) = 7, which
also indicates that D ; # @. Although 1 X 7 > maxab = 4, the algorithm does not update maxab to
7. Instead, it searches for a better solution in lines 24-26. When t = 0.6, a =2, and ﬂ' = 4, we have
D, 4 # @. Therefore, maxab is updated to a higher value of 2 X 4 = 8.

The algorithm then proceeds to Divide-a(1, 3) to consider a,,, = 2. Here, if and only if fmax(2) = 5
would result in 2 X Py (2) > maxab, and a,, can be pruned. To confirm whether D, s is empty, the
algorithm invokes GetD(2, 5). Since Dy 5 = @, a,y, = 2 is pruned.

Next, the algorithm returns to GetIDS++ and enters Divide-b(0, 3) to consider f,, = 1. First, it
calculates o, (1) < upper[1] = 8. As a result, B, X tpax(Bm) < 1 X8 < maxab, and the current 8, is

'Data source: https://, github.com/Yalong-Zhang/maxab.
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also pruned. Using a process similar to Divide-a(1, 3) for a,, = 2, it is confirmed in Divide-b(1, 3) that
B = 2 can also be pruned. Finally, when a = 2 and f§ = 4, the product o X f§ reaches its maximum
value, and GetIDS++ returns D, 4.

TuEOREM 12. Algorithm GetIDS++ can correctly output D_. 7

The time complexity of GetIDS++ is O(ny - |E|"*), where ns is the number of network flow
computations performed in GetIDS++. For each a,, and f,,, the worst-case scenario involves using
binary search and network flow, so theoretically ny € O(p - log |V|). However, in the real-world
graphs used in our experiments, ny << p - log |V|. This is because about 99% of the a,, and f,,
values were pruned in line 13 and line 14, making it unnecessary to use binary search to compute
the exact values of Byay () and apay ()

6 Approximation IDS Algorithms

This section further studies the approximation IDS algorithm. First, we introduce some existing ap-
proximation algorithms which originally designed for the traditional DS problem. Next, we propose
anovel (2 + €)-approximation algorithm with a near-linear time complexity of O(|E| log,, . [V]),
which offers both strong approximation performance and high efficiency.

It is worth mentioning that the 2 + € approximation factor of our algorithm is based on the
DS problem, where the density of the approximate subgraph p satisfies the condition g = i p*.
However, since the density of IDS is always no greater than the density of DS, the density of these
approximate subgraphs must also satisfy p = 21—6 p*, where p* is the density of IDS. This indicates
that our approximation algorithm can approximate DS and, consequently, can also approximate
IDS.

6.1 Existing approximation algorithms

Since the density of the DS is greater than or equal to that of the IDS, existing approximation
algorithms for the DS can also be used to approximate the IDS. Below, we introduce the key ideas of
the state-of-the-art approximation algorithms SingleCore [24], AllCore [30], and CP-Approx [29].

DEFINITION 6. ((, f)-core) Given a graph G, the (a, f)-core of G, denoted by Cy g, is defined as
the maximal subgraph G[Cgﬁ, C;ﬁ], such that in G[Cgﬁ, Cé’ﬁ],for allx € Cgﬁ, d,? > q, and for all
I
y € Ca,ﬁ’ dy > IB

THEOREM 13. [30] Given a graph G, we have p(C, ) = \Jap.

Co,p also represents a dense subgraph, but it is not a density-based model, so its density guarantee

is not as strong as the 2,/af guarantee of F,, g and D, g (Lemma 1). However, since computing a
core is less expensive, many core-based approximation algorithms have been developed, such as
SingleCore and AllCore.

The core-based SingleCore algorithm [24]. The SingleCore algorithm (as shown in Algorithm 4)
uses a peeling technique, where in each step, the node with the smallest indegree or outdegree
in the current graph is selected and removed (lines 3-7). This process is repeated until the graph
becomes empty (line 2). After removing each node, the algorithm records the density of the current
graph (line 8) and finally selects the graph with the highest density during the peeling process as
the output (line 9). Core computation algorithms typically use a similar peeling method. During
the peeling process in SingleCore, G'[S, T] sequentially becomes Cy, Cy 1, Cy, . . ., meaning that
one peeling process can compute all non-empty Cy k.

Proc. ACM Manag. Data, Vol. 3, No. 3 (SIGMOD), Article 176. Publication date: June 2025.



Integral Densest Subgraph Search on Directed Graphs 176:15

Algorithm 4: SingleCore(G)[24]
Input: A directed graph G = (V, E).
Output: A (\/c_* + ﬁ)—approximate IDS D.

1 p* «p(V,V),D «G,G[S,T]=G, k « 0
2 while G' is not empty do

3 X = argmin, cg d,(c)(G'), y = argmin e d;(G');
4 if min{d{, dy} > k then
5 | ke min{d?.dy} /7 Now, we have G'[S.T]=Cry

6 if d < d}, then G'[S,T] « G'[S\ {x}, T}, S « S\ {x};
7 else G'[S,T] « G'[S, T\ {y}]. T « T\ {y};
s | if p(S,T)> p* then p* « p(S,T), D « G'[S, T];

9 return D;

Since peeling the graph to an empty graph takes O(|E|) time complexity, the overall time com-
plexity of SingleCore is also O(|E|) [24]. While SingleCore has a linear-time complexity, its ap-
proximation ratio is not very good. Previous works [24, 30] have proved that the approximation
ratio of SingleCore is worse than 2. However, to the best of our knowledge, there is no work that
has determined the exact approximation ratio of SingleCore. We are the first to prove that the

approximation ratio of SingleCore is (\/c_* + \/%) Next, we present our results.
LeEmMMA 3. Given a graph G, if Fy g or Dy, g is non-empty, then Ci41[p] is also non-empty.
Based on Lemma 3, we prove the approximation ratio of SingleCore in Theorem 14.
THEOREM 14. The output D = G[D,D'] of the algorithm SingleCore satisfies p(D°,D") =
1
Tk P

¥ > ‘/_*i —p", i.e, SingleCore is a (Vc* + ‘/L_*)—approximation algorithm.
c - c
=

According to Theorem 14, although SingleCore is highly efficient with its linear-time complexity,
its approximation ratio is (Vc* + \/L_*) When the ¢* of the graph is large (e.g., 10°), the approximation
c
performance of SingleCore can be very bad, as confirmed by our experiments.

The core-based AllCore algorithm [30]. Unlike SingleCore, which uses a single peeling process,
AllCore [30] uses peeling for O(y/|E|) times to compute all non-empty C, s and then selects the
non-empty C, 4 that maximizes af8 as the approximate subgraph. Since AllCore performs O(y/|E|)
peeling iterations, with each peeling taking O(|E|), its time complexity is O(|E|"?) [30]. Although
this complexity is much higher than the linear-time complexity O(|E|), AllCore guarantees an
approximation ratio of 2. However, in our experiments, AllCore consumes too much time, and on
all of the datasets, it is even slower than our exact algorithm GetIDS++.

The convex-programming-based CP-Approx algorithm [29]. The (1 + €)-approximation algo-
rithm CP-Approx [29] relaxes the convex-programming-based algorithm CP-Exact presented for
computing the exact DS, sacrificing density to save runtime. The time complexity of CP-Approx
is O(trw - log,,. |V|), where tpy is the time taken for several time-consuming convex program-
ming and maximum flow computation, leading to inefficiency. As confirmed by our experiments,
CP-Approx struggles to achieve both good approximation quality and low runtime simultaneously.

In summary, existing approximation algorithms either have poor practical approximation quali-
ties (SingleCore and CP-Approx algorithms with large €) or are very time-consuming (AllCore and
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Fig. 5. The density of core when varying k on dataset IM (|V| = 896K, |E| = 3.8M, p* = 45.52).

CP-Approx algorithms with small €). Therefore, it is necessary to design a novel approximation
algorithm that achieves both good approximation performance and less runtime.

6.2 A novel (2 + ¢)-approximation algorithm

SingleCore [24] performs a single peeling operation, which is fast but does not provide a good
approximation guarantee. On the other hand, AllCore [30] performs O(\/E ) peeling operations,
offering a better approximation guarantee but being slower. Our proposed algorithm, MultiCore,
performs a small amount of peeling operations, achieving a balance between good approximation
guarantees and fast runtime. Besides, MultiCore uses the error parameter € to trade off between
approximation accuracy and running time.

Intuitively, the peeling rationale behind MultiCore is inspired by the peeling approach used in
SingleCore, which only finds the core subgraph where o = . However, MultiCore introduces a
novel strategy by selecting multiple values of k € (0, +00) and searching for core subgraphs where
a = k - . Among all the core subgraphs found, it selects the one with the highest density as the
approximate IDS. This non-trivial approach significantly improves the approximation ratio from
Ve* + \/% in SingleCore to 2 + €. Next, we use an example to illustrate this rationale.

ExampLE 4. MultiCore computes all (a, §)-cores where a = k - 8 in a single peeling process (the
Peeling function in Algorithm 5). The black line in Figure 5 shows how the choice of k affects the
density of the core obtained during the peeling process on the IM dataset (|V| = = 3.8M,
p" =45.52). (1) For SingleCore, it only invokes once peeling and computes the C, g where a = f (i.e.,
k = 1), so it can only consider the core on the green line. Consequently, it finds a subgraph with a
density of only 41.26. (2) AllCore invokes the peeling function O(\/E) times to compute all possible
core subgraphs, i.e., all core subgraphs on the black line, which is very time-consuming. (3) In contrast,
MultiCore selects a series of k values, shown by the blue and green lines in the figure. This strategy
involves only a small number of peelings while still finding a core with high density. For example,
MultiCore chooses k = 12.05 and obtains a core with a density of 45.20 ~ p* = 45.52. Therefore,
MultiCore gets a core subgraph with near-optimal density.

Next, we give a theorem as the theoretical foundation of MultiCore. This theorem demonstrates

that C[ e ]‘fi_? we will explain how
k+L* k+c*
to compute C P ke and how to vary k to ensure obtaining a ;—-approximate subgraph.

Terer P Thrc®
THEOREM 15. Given a graph G and a number k € (0,+00), C_ .=, « % is non-empty and its

e M
k+c* Pl pac*
Vke p—
= k+c *p = k+c '

density p 2
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Algorithm 5: MultiCore(G, €)

Input: A directed graph G = (V, E), the error parameter € > 0.
Output: A (2 + €)-approximate IDS D.
PFep(V,V).DeG & e +4e+2+(e? +4e+2)2 -4

2 Let N be the minimum even integer such that N z log g/, |[V| - 1;
3 fori=—-N,-N+2,..., N -2,N do Peeling((%)i) ;

4 return 5;

-

5 Function Peeling(k)
6 a«0,«0,G[ST]«G;

7 while G’ is not empty do

8 X = argmin, g d2(G"), y= argmin e d;(G');
9 if dfc)(G) < a then

10 | G[STI<G S\ {x}, 7] S « S\ {x};

1 else if d;(G) < f then

12 | GISTI«GIST\{y}l. T « T\{y}

13 else

// Now, we have G'[S,T]= Cgp;

14 if f>k-athena « a+1;
15 else f < f+1;
16 | if p(S.T) > p* then p* « p(S.T). D « G'[S, T}

In the MultiCore algorithm, we present a method to obtain C Pt which allows us to
k+c* Pl pac*

obtain a ‘/k_* -approximate subgraph. Let & = € “rde+2+ (€% + 4€ + 2)? — 4, and the solution to the

I\</+_c* > ﬁ isc* € [sz kg] This means that if ¢* happens to fall within the range [%, %],

we can obtain a (2+¢)-approximate subgraph C[ p*\/?‘] ik /.- Based on the definition of ¢*, we know
k+c®* Pl kac* ok k& ]

that ¢* € [ L [V]], so we need to select multiple values of k and obtain multiple intervals [ <, ==

|V|]. Specifically, let N be a positive

inequality

such that the union of these intervals completely covers [ Tk

and even integer, and let k = (£’/2)i, then by choosing i = =N,-N +2,...,-2,0,2,...,N =2, N,

—N—l’(e‘f)—N+1] U [(é)—N+l’(§)—N+3] U -+ U [(ﬁ)N—3,(£)N—1] U

2 2 2 2 2

(SN (ENT = [(4) (N“),(Z)N“] Solving the inequalities (£)" ™" < 7 and (5 >

[V], we get N 2 logg, [V| — 1, i.e., N should be set as the minimum even integer such that
2 loge/, |V| — 1. Therefore, we need a total of —-N,-N + 2,...,N — 2,N, i.e., N + 1 values

of k, which means we need to compute C .=, +/= atotal of N + 1 % [logg/, |V[] times. By

o el
k+c k+c
selecting the subgraph with the maximum density among these C_ /=, «/= , we can obtain a

k+c* [ k+c*

we can cover the interval [(éa)

(2 + €)-approximate subgraph.

Using the above ratlonale we propose the algorithm MultiCore, as shown in Algorithm 5. First,
MultiCore initializes p and D, and computes the values of & and N (lines 1-2). Then, MultiCore
sets k = (%) and calls the peeling function with the parameter k (line 3). The Peeling function
gradually removes nodes from the original graph G until an empty graph is obtained. During the
removal process, two values « and f are tracked (line 6), representing the thresholds such that all
nodes in S with outdegree less than a and nodes in T with indegree less than  should be removed
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Table 2. Statistics of datasets.

For the datasets HE, OR, and TW, the runtime of computing p* exceeds time limit 10° seconds, so we use the density of the
IDS to approximate p*.

Dataset | Category V| |E| P p
IM affiliation | 896.3K 3.8M 45.5170 20
HE citation 28.1K 4.6M ~ 776.4999 371
TR lexical 1.2M 83.6M 2,086.3359 440
Wi hyperlink 4.8M 113.1M 2,170.7350 419
IN hyperlink 7.4M 194.1IM 6,924.0780 3,462

DE interaction | 33.8M  301.2M 2,345.1849 970
OR affiliation 87M  327.0M =% 2079.0586 438
UK hyperlink 39.4M  936.4M 7,642.1016 454
IT hyperlink | 41.3M 1.2B 4,473.7718 1,834
™ social 40.1M 1.4B ~ 4581.4683 1,427

(lines 8-12). For each node removed, the algorithm records the current density (line 16). Specifically,
when every node in S of the current graph G'[S, T] has an outdegree not less than a and every
node in T has an indegree not less than 8, we have obtained C, 4 (line 13). At this point, either a or
S needs to be increased to continue peeling nodes (lines 14-15). Finally, when o and f§ become large
enough, all nodes will be peeled off, and G'[S, T] will become an empty graph. For each enumerated

k= (%)1, the peeling process is repeated. The subgraph with the highest density encountered
during this process is recorded, and this subgraph is output as the approximate IDS (line 4). Next,
we prove the correctness of MultiCore.

THEOREM 16. The MultiCore can output a subgraph D whose density p > Zi—ep*z ﬁ_*, and the

time complexity and space complexity of MultiCore is O(|E| - lo V|) and O(|E|), respectively.
p y P p Yy Bi+e P Y.

Given € > 0, MultiCore requires only a small number of O(|E|)-time Peeling function invocations,
making it highly efficient. For example, in our experiments, on the large TW graph with 40.1 million
nodes and 1.5 billion edges, setting ¢ = 0.5 requires only 13 peeling operations to obtain the
approximate subgraph. Therefore, MultiCore can efficiently finish the computation in near-linear
time. In contrast, the time complexity of the CP-Approx algorithm is as high as O(tpy - log,, . [V]).
where tpy, denotes the time taken for several time-consuming convex programming and maximum
flow computations. Although the approximation guarantee (1 + €) of CP-Approx is tighter than the
(2 + €) guarantee of MultiCore, in our experiments on real-world graphs, the proposed MultiCore
algorithm often produces subgraphs with higher (i.e., better) density in significantly less runtime
compared to CP-Approx.

7 Experiments

Algorithms. For exact algorithms, we implement our proposed algorithms GetIDS (Algorithm 2)
and GetIDS++ (Algorithm 3). We compare our algorithms with the flow-based algorithm DC-Exact
[30] and the SOTA algorithm CP-Exact [29] for computing the densest subgraph. For approximation

algorithms, we evaluate the (Vc* + \/i_* )-approximation algorithm SingleCore [24] (Algorithm 4) and

our new (2 + €)-approximation algorithm MultiCore (Algorithm 5) with the SOTA 2-approximation
algorithm AllCore [30] and (1 + €)-approximation algorithm CP-Approx [29]. All algorithms are
implemented in C++ with O3 optimization. Our experiments are conducted on a Linux system PC
with a 2.2GHz AMD 3990X 64-Core CPU and 256GB of memory. We set the upper limit of runtime
to 10° seconds.

Proc. ACM Manag. Data, Vol. 3, No. 3 (SIGMOD), Article 176. Publication date: June 2025.



Integral Densest Subgraph Search on Directed Graphs 176:19

[ DC-Exact =¥

Runtime (sec)

HE TR ™

Fig. 6. Runtime of various exact algorithms.

CP-Exact CP-Exact
GetIDS - {3- GetIDS - {-

3 &
@ ; o Bl
E 0 g8 Hl & 10
E = s
& @O g 10 o=@
10% e © 1 ok
0% 40%  60% 80% 100% 20% 40% 60% 80% 100%
(a) Vary |E|. (b) Vary |V|.

Fig. 7. Scalability testing on dataset WI.

Datasets. Following the concept of the “auxiliary bipartite graph” introduced in [29], we can
equivalently transform directed graphs and bipartite graphs. This allows our solutions to be directly
applied to bipartite graphs as well. Consequently, in addition to the six directed graphs HepPh
(HE), WikiFr (WI), IndoChina (IN), UKAII (UK), ITAIl (IT), Twitter (TW), we also select four bipartite
graphs IMDB (IM), Trec (TR), Delicious (DE), Orkut (OR) to enhance the comprehensiveness of our
experimental evaluations. Detailed dataset information is shown in Table 2, which can be obtained
from the Network Repository [33].

7.1 Results of exact algorithms

Exp-1: Runtime of various exact algorithms. The results of this experiment are shown in
Figure 6, and we have the following observations: (1) The algorithms DC-Exact and GetIDS++ both
are flow-based algorithms. However, DC-Exact tackles the more challenging DS problem, which in
the worst case requires up to O(|V|* log |V'|) network flow computations [30]. In contrast, GetIDS++
addresses the simpler IDS problem, requiring only O(p - log |V|) network flow computations in the
worst case. Consequently, the runtime of GetIDS++ is significantly lower than that of DC-Exact,
highlighting the computational efficiency of the IDS problem. (2) The runtime of the CP-Exact
algorithm exhibits an unstable trend. For example, its runtime on the smaller million-edge dataset
HE exceeded 10° seconds, whereas on the billion-edge dataset IT, it achieves a faster runtime of
43,044 seconds, indicating the instability of convex-programming-based algorithm CP-Exact for
computing the densest subgraph. (3) In contrast to CP-Exact, the runtime of our GetIDS++ is more
stable, with runtime on all datasets under 15,000 seconds. Moreover, GetIDS++ is significantly
faster than DC-Exact (up to 3,589x), CP-Exact (up to 71,327x) and GetIDS (up to 158x).

For example, on the dataset HE, the runtimes for DC-Exact, CP-Exact, GetIDS, and GetIDS++ are
16,945 seconds, over 1,000,000 seconds, 823.45 seconds, and 14.02 seconds, respectively, indicating
a speedup of 1,209%, 71,327x and 59x for GetIDS++. Similarly, on the dataset OR, the runtimes for
DC-Exact, CP-Exact, GetIDS, and GetlDS++ are more than 1,000,000 seconds, more than 1,000,000
seconds, 279,438 seconds, and 1,765 seconds, respectively, indicating a speedup of 567x and 128x for
GetIDS++. These results demonstrate the significant efficiency of the proposed GetIDS++ algorithm.
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Table 3. Comparison between GetIDS and GetIDS++.

np and ng are the number of binary search and flow computations invoked in the corresponding algorithm.

Algorithm HE TR Wi OR UK
GetIDS np 743 881 839 877 909
ny | 8898 16,574 17,055 16,063 18,928
GetIDS++ | *? 6 7 8 > 7
ng 471 328 694 325 213

Table 4. Comparison between the DS and IDS.

p* and ﬁ* denote the density of the DS and the IDS, respectively. The “similarity” of two subgraphs G[ S, T1 ]
and G[Sz, Tz] is defined as (|51 n Szl + |Tl n T2|)/(|51 U Szl + |T1 U Tzl)
E3 —%

Dataset p P Similarity
IM 45.5170 45.4899 (-0.0271) 6376/6796 = 0.938
TR 2,086.3359  2,086.3119 (-0.0240) 327972/328769 = 0.998
WI 2,170.7350  2,170.7350 (-0.0000) 793311/793311 = 1
IN 6,924.0780  6,924.0780 (-0.0000) 13889/13889 = 1
DE 2,345.1849  2,345.1814 (-0.0035) 806/808 = 0.998
UK 7,642.1016  7,642.1016 (-0.0000)  1769782/1769782 = 1
IT 4,473.7718  4,473.7718 (-0.0000)  1319477/1319477 = 1

Exp-2: Scalability testing. To evaluate the scalability of our solutions, we first generate eight
subgraphs by randomly sampling 20%, 40%, 60%, and 80% vertices or edges from the WI dataset
(similar results can be obtained on other datasets). The results are shown in Figure 7. As can be seen,
the runtime of our proposed algorithm GetIDS++ grows relatively slowly as the data scale increases,
whereas the runtime of GetIDS and CP-Exact increases rapidly. In particular, our GetIDS++ is 1-2
orders of magnitude faster than both GetIDS and CP-Exact in all cases. These results demonstrate
the high scalability of our GetIDS++ algorithm.

Exp-3: Comparison between GetIDS and GetIDS++. We select five datasets (similar results
can be obtained on other datasets) and record the number of binary searches and maximum flow
computations used by GetIDS and GetIDS++. The results are shown in Table 3. Since GetIDS
performs binary searches for every enumerated a and f, the number of binary searches and flow
computations is high. For example, on the UK dataset, the number of binary search and flow
computations reaches as high as 909 and 18,928, respectively. In contrast, GetIDS++ prunes most of
the enumerated « and f values, performing at most 7 binary searches and 213 flow computations.
These results demonstrate the effectiveness of the proposed pruning techniques integrated into
GetIDS++, making the computation of the IDS highly efficient.

Exp-4: Comparison between the DS and IDS. As shown in Table 4, the DS and IDS exhibit a
high degree of similarity. For instance, in the datasets W1, IN, UK, and IT, the subgraphs obtained
from both DS and IDS are identical. In the remaining datasets, the density of these subgraphs
differs by at most 0.0271, and their similarity is at least 0.938. These findings highlight the strong
correlation between DS and IDS, suggesting that the IDS is not only easier to compute but also
produces results comparable to those of the DS.

Exp-5: Comparison with other density-based model. In this experiment, we compare the
IDS model with the dense subgraph model proposed in [11], which is computed using the
CS-Community algorithm. Although CS-Community is designed for undirected graphs, [11] sug-
gests that it can also handle directed graphs by simply disregarding their directionality. The
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Table 5. Comparison between GetIDS++ and CS-Community.

Dataset Algorithm Density Runtime (sec)
HE GetIDS++ 776.50 14.02
CS-Community  260.16 687.36
Epinions GetIDS++ 91.92 0.73
P CS-Community  47.77 98.37
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Fig. 9. Approximation ratio of approximation algorithms.

algorithm outputs multiple communities, and we select the one with the highest density for com-
parison. We evaluate the performance of the GetIDS++ algorithm and CS-Community on the HE
and Epinions (details in our case study) datasets, as summarized in Table 5 (only two datasets are
evaluated because CS-Community fails to complete computations on other datasets within 10*
seconds). The results demonstrate that Get|DS++ identifies IDS subgraphs with significantly higher
densities and much faster runtime compared to the communities found by CS-Community. This is
because CS-Community handles directed graphs by naively ignoring directionality. While simple,
this approach fails to capture the directional structure of directed graphs, resulting in subgraphs
with lower densities. These findings highlight the limitations of applying undirected graph models
to directed graphs and underscore the importance of developing dense subgraph models specifically
tailored for directed graphs.

7.2 Results of approximation algorithms

Exp-6: Runtime and approximation ratio of different algorithms. For our (2 + €)-
approximation algorithm MultiCore, we set € = 0.5 and denoted as MultiCore-0.5. For the (1 + €)-
approximation algorithm CP-Approx, we set € to 1.5, 0.5, and 0.1, denoted as CP-Approx-1.5,
CP-Approx-0.5, and CP-Approx-0.1, respectively. The results are shown in Figure 8 and Figure 9.
In this experiment, we have the following observations. (1) The Single algorithm, while the
fastest among all tested algorithms, exhibits a significantly poor approximation ratio. For example,

Proc. ACM Manag. Data, Vol. 3, No. 3 (SIGMOD), Article 176. Publication date: June 2025.



176:22 Yalong Zhang, et al.

2 -4 2 120 [= [~ MultiCore —-2~ 2 bl MultiCore --& - ‘ 2 1.50 Ao n MultiCore -2~ ‘

E 1.10 3 @ E CP-Approx - -G8 - 5] 1.03 ™y . - CP-Approx - -8 - E 1.40 : " CP-Approx -G -

= i S 115 = ' N = '

ks g 2 102 : £ 130 [

: A 1.10 E R - : :

£ 105 £ BT £ 120

g Z Z g AN

g : g o5 e e 8 L

g Bepe ) . £ 100 2 110 ra E.

£ 100 e it < 100 < < 100 K2 B Y S
500 1000 1500 500 1000 1500 2000 0 10 20 30 40 200 1000 2000 3000 4000 5000
Runtime (sec) Runtime (sec) Runtime (sec) Runtime (sec)

(a) Results on DE. (b) Results on IT. (c) Results on HE. (d) Results on OR.

Fig. 10. Comparison between MultiCore and CP-Approx.

it has an approximation ratio of 12.9 on the UK dataset. (2) The AllCore algorithm exhibits a
considerably high runtime, reaching up to 10° seconds on the TW dataset, and does not provide
the best approximation ratio, exceeding 1.05 on seven of the ten datasets. (3) The algorithm
CP-Approx-1.5 shows a significant instability in its approximation ratio, peaking at 1.48 on the
OR dataset, and does not gain any runtime advantage over MultiCore-0.5. (4) Across all datasets,
MultiCore-0.5 runs faster than CP-Approx-0.5, and on 8 out of 10 datasets, the approximation ratio
of MultiCore-0.5 is better than or equal to that of CP-Approx-0.5. For example, on the HE dataset,
MultiCore-0.5 achieves an approximation ratio of 1.031, which is better than CP-Approx-0.5’s ratio
of 1.038, while its runtime is only 1.74 seconds, making it 7.6x faster than CP-Approx-0.5, which
takes 13.25 seconds. (5) Both CP-Approx-0.1 and MultiCore-0.5 achieve excellent approximation
ratios, remaining consistently below 1.05 across all datasets. Notably, MultiCore-0.5 is considerably
faster than CP-Approx-0.1 in all cases. For example, in the OR dataset, both algorithms achieve a
commendable approximation ratio of 1.0005, but their runtimes differ significantly: 15,430 seconds
for CP-Approx-0.1 versus just 819 seconds for MultiCore-0.5, yielding an impressive 18.8x speedup.

Overall, compared to other approximation algorithms, our proposed MultiCore algorithm strikes
an exceptional balance between excellent approximation performance and rapid runtime, aligning
well with our theoretical analysis in Section 6.

Exp-7: Comparison between MultiCore and CP-Approx with varying €. We conduct exper-
iments on the DE and IT datasets (similar results can be obtained on other datasets). For the
MultiCore algorithm, we set € to 4,2, 1,0.75,0.5,0.25,0.1. For the CP-Approx algorithm, we set
€105,3,2,1.5,1,0.75,0.5,0.25,0.1. The results are shown in Figure 10. Compared to CP-Approx,
MultiCore produces a subgraph with higher density in a shorter runtime on both datasets no matter
how € varies. For example, on the DE dataset, MultiCore with € = 0.5 finds a subgraph with an
approximation ratio as low as 1.0025 in 541 seconds. In contrast, CP-Approx with € = 2 takes a
longer runtime of 603 seconds and only achieves an approximation ratio of 1.1299. On the IT dataset,
MultiCore with € = 2 takes just 575 seconds to find a subgraph with an approximation ratio of 1, i.e.,
the exact IDS. In comparison, CP-Approx with € = 5 takes a longer runtime of 589 seconds, while
achieving only an approximation ratio of 1.2078. On the HE dataset, the runtime of the MultiCore
algorithm remains under 4 seconds for any € setting, requiring only 3.53 seconds to produce a
near-optimal subgraph with an approximation ratio of 1.0005. In contrast, the CP-Approx algorithm
takes significantly longer runtime, requiring 41.60 seconds to obtain a subgraph with a worse
approximation ratio of 1.0027. On the OR dataset, the MultiCore algorithm consistently maintains
both efficient runtime and stable approximation ratios, whereas the runtime of the CP-Approx
algorithm grows rapidly, and its approximation ratio becomes highly unstable, reaching a poor
approximation ratio of 1.4811 when € = 2. These results demonstrate that our proposed MultiCore
algorithm is efficient and provides high-quality approximations no matter how ¢ varies.
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Fig. 11. Case Studies on Epinions social network.

7.3 Case Study

This experiment utilizes the Epinions social network (|V| = 75,879, |E| = 508,837)° to evaluate
the practical application of fraudulent detection using both the densest subgraph (DS) and the
integral densest subgraph (IDS) models. Epinions is a consumer review network where each node
represents a user, and each edge (u, u,) represents user u; trusting u,. The subgraph identified
by the DS has ¢* = |S*|/|T*| = 1261/485. However, some fraudulent users may resort to bribing
others to gain trust, creating the illusion of being trusted by many. This behavior can lead to a
new DS with an even higher c* (e.g., ¢® =1000 /10). To simulate this scenario, we introduced 10
briber users and 1,000 bribed users into the network, where the bribed users randomly trusted the
briber users a total of 10,000 times—resulting in the addition of 10,000 edges from the bribed users
to the briber users. In practical scenarios, bribed users may also trust many normal users to further
conceal the fact that they have been bribed [20]. Consequently, we also randomly add 10,000 edges
from the bribed users to normal users in the network.

After inserting fraudulent users, including briber and bribed users, into the Epinions dataset,
we compute both the DS and the IDS. The results reveal that both methods exclusively identified
fraudulent users, with no normal users present, successfully detecting all 10 briber users. The
DS detects 925 bribed users, while the IDS detects 970 bribed users, suggesting that IDS is better
than the DS for detecting fraudulent users. Figure 11 visualizes these findings, where all nodes
represent fraudulent users. The green nodes correspond to the 10 bribe users, and the blue nodes
represent the 925 bribed users identified by the DS. The IDS successfully detected all 925 bribed
users identified by the DS, as well as an additional 45 bribed users represented by the red nodes,
bringing the total to 970 detected bribed users. The gray nodes indicate bribed users that are not
detected by both the DS and the IDS. This case study demonstrates that, compared to the DS, our
proposed IDS is more effective in detecting fraudulent users, establishing its superiority in the
practical application of fraud detection.

8 Related Work

Densest subgraph search on directed graphs. For exact algorithms, Charikar [9] first proposed
an LP-based algorithm that requires solving O(|V|*) linear programs. Later, Khuller and Saha [24]
introduced a flow-based algorithm, which requires solving O(|V|*) maximum flow computations.
Recently, Ma et al. [30] used a divide-and-conquer technique to accelerate this flow-based approach.
Subsequently, Ma et al. [29] leveraged convex programming and various optimization techniques
to design the SOTA CP-Exact algorithm. To improve efficiency, several approximation algorithms
have also been proposed. For example, the core-based 2-approximation algorithms with time

*Dataset source: https://snap.stanford.edu/data/soc-Epinions1.html.
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complexities of O(|E|" [30] and O(|V ’|E [9], as well as a core-based (Vc* + —= )-approximation
p ~ |-app
c

algorithm [24] with O(|E|) time complexity, whose approximation ratio is proved in Section 6.1.
The (1 + €)-approximation algorithm CP-Approx was proposed [29]. However, all these algorithms
have prohibitively runtime or poor approximation qualities, making them unsuitable for practical
applications.

Densest subgraph search on undirected graphs. The densest subgraph problem on undirected
graphs is defined as finding a subgraph that maximizes the ratio of the number of edges to the num-
ber of vertices in the subgraph [3-5, 8-10, 14, 15, 17, 19, 32, 37, 39, 42, 43]. A well-known algorithm
is based on a parameterized Goldberg flow network, with a time complexity of O(|E||V|log|V])
[19]. To improve efficiency, Danisch et al. accelerated the process using convex-programming
techniques [14]. Besides, several approximation algorithms have also been proposed, such as the
2-approximation algorithm [9] with a linear O(|E|) time complexity, the (1 + €)-approximation
iterative algorithm [5, 10], the 2-approximation algorithm [15], and the 2(1 + €)-approximation
algorithm [3]. Many variants of the densest subgraph problem have also been studied, such as the
locally top-k densest subgraph [28, 32], anchored densest subgraph [41], densest k-subgraph [2, 6],
and clique-density-based densest subgraph [15, 31, 36, 38, 40]. However, the densest subgraph
problem on undirected graphs is fundamentally different from that on directed graphs, and the
models and algorithms cannot be directly applied to directed graphs.

9 Conclusion

In this paper, we propose a novel IDS model that is simpler to compute than the DS while providing
a near-optimal density guarantee. First, we define the fractional (e, §)-dense subgraph F, 3 and
the integral (o, f)-dense subgraph D, g. We prove that the non-empty F, 4 that maximizes « - f§ is
exactly the DS, and we define the non-empty D, 4 that maximizes « - ff as our IDS. Then, we propose
a carefully-designed (a, f8)-dense flow network, based on which we develop a flow-based algorithm,
GetIDS, to search for the maximum value of af with time complexity O(p - log [V| - |E|"). Building
on our proposed emptiness and non-emptiness theorems, we develop several powerful pruning
techniques and further propose an advanced GetIDS++ algorithm with the time complexity of
O(nys - |E |'®), where ng is the number of maximum flow computations and is often a small number
in practice. To further improve efficiency, we propose a novel core-based (2 + €)-approximation
algorithm with a near-linear time complexity of O(|E| log,, . |V|), which can extract near-densest
subgraphs while maintaining short runtime practically. Finally, we conduct extensive experiments
on 10 real-world graphs, with the results validating the effectiveness of our IDS model, and the
high efficiency and scalability of our proposed algorithms.
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